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Early-time scaling for the reaction front of a ternary, A+2B—C, reaction-diffusion system
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We study the ternani+ 2B— C reaction-diffusion process with initially separated reactants. A perturbation
approach gives a scaling of the global reaction rate wthat early time, followed by a crossover to? in
the asymptotic time regime, a behavior which is the same as for the binaB— C reaction under initial
segregation. Monte Carlo simulations are in good agreement with the predicted scaling.
[S1063-651X98)01402-7
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I. INTRODUCTION Monte Carlo simulations, which also show that there is in-

. . . . deed a crossover from such an early-time behavior to the
We studied the early-time reaction front propagation of aasymptotic—time behavior

ternary reaction-diffusion system under the initial segrega-
tion of reactants. Previously, such studies were limited to
binary elementary reactions. The presence of such a reaction
interface is characteristic of many processes in ngtlé)] The following set of diffusion equations describes the
and recently it became possible to study such processes far2B— C system under initial reactant segregation:
ternary reaction$6].

Galfi and RacZ47] considered a simple binad+B—C da ,
reaction under initial segregation and developed their theory ot D,V?a—kab?,
based on the assumption that the reaction-diffusion equations @
have a solution approaching an asymptotic scaling form. In b
the asymptotic regime, the center of the reaction feqrand i DyV%b—2kab?,
the width w of the front scale with time ax;~t'? and
w~tY6 respectively, while the local production rate ®fat
Xs is proportional tat~2/3. Their theory has been confirmed

Il. THEORY

whereD, andD,, are the diffusion coefficients for reactants

X . , a and b, andk is the microscopic reaction constant. The
b_y experiments and computer smulatmﬁﬁ_&ll]. The e_arly- equations are subject to the initial reactant separation condi-
time behavior of this system was studied by Taitelbaum; along the separation axis

et al.[12]. At very early times little reaction occurs before
the reactants mix effectively; thus, the formation ©fis a=agH(x), b=bo[1-H(X)], )
treated as a small perturbation to the normal diffusion equa-

tion. It was found that both the global reaction rate and thgyherea, and b, are the initial concentrations artd(x) is

reaction front grow as'”?. _ the Heaviside step function. The initial separation of reac-
The generalized and more complicateth+mB—C  tants makes the system effectively one dimensional. In order

reactions under initially separated reactant conditions wergy study the short-time behavior, we develop a perturbation

studied theoretically by Cornell, Droz, and Chopft8,14.  theory based on the idea that reactive effects are small com-

They found the width of the reaction front to scale aspared to diffusive effects.

tm-20+mtD) and the production rate & atx;, namely To apply perturbation analysis, we reparametrized(Ep.

R(x;,t), to scale ag~("*M/("*m+1) "in the asymptotic re- in terms of dimensionless concentration and diffusion coef-
gime. From the width and the local reaction-rate exponents ificients. First we write

was concluded that the global reaction rate would decrease

ast~ %2, independent ofi,m [9]. In this paper we first derive pa(X,t)=aga(x,t), pp(X,t)=Bo(X,1), ©))

an early-time theory for the global reaction-rate exponent

based on a perturbation theory for the-2B—C system. where« and 8 are now dimensionless concentrations. Fol-
We found the global reaction rate at early time to ga'%s  lowing Ref.[11] we also define two dimensionless constants
the same as for th&+B—C case. This is confirmed by in terms of diffusion constants and initial concentrations.
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D=(Da/Dp)*%  r=(ap/by). 4 bl

At sufficiently early times, the mixing oA and B par- ) _ _
ticles is minimal; consequently, the amount of prodDatill ~ E
be small. We can approximate the early-time behavior by ;3,3 s F L r—————— 3
treating the reaction term as a perturbation to the diffusion 3 3 g ' ]

equations. The perturbation parameter is denoted by o i
- 4 + i -

i 3 >
&=k/(DaDy)*2 (5 as H E
We also introduce dimensionless time and space variables 3F T Y T A TR

PY S L g R
T=tagho(DaDp) "% E=x(agbg)™. (6) 0 2 ‘ 6 8 10
In (time steps)

Equation(1) can be rewritten in terms of the new variables
as FIG. 1. Simulation result for Ifglobal rate vs Int. We fit the

slope before and after the crossover. The slope before crossover is

da Pa e around 0.48 and after crossover-€.45. Particle densities of 40%
37 =D—~— Fa,BZ, for A and 80% forB are placed at opposite sides of the origin at
T 23 (7) time 0. The diffusion coefficients are the same forand B. We
introduce a reaction probability of 0.001 for thet B— AB step.
B 1 (92,8 5 The inset shows that the slope before crossover is 0.48, compared to
9r D &_52 —2eaf 0.5 predicted by perturbation theory.

For reaction-limited reactions, the reaction coefficient istion the global reaction rate will cross over from an early-
small. Thus, the perturbation coefficient is small, ies1.  time behavior given by to the asymptoti¢ ~/? behavior
We expanda and 8 in series given by scaling argumen{4.3].

The above theory is based on a set of mean-field equa-
tions. In this approximation one neglects the fluctuations and
assumes that the reaction term factorizes into the local den-
sities of A andB. It has been shown by Cornedl al. [13]
where oy and B, each satisfies an ordinary diffusion equa- that for theA+2B— C reaction-diffusion system with ini-
tion that is subject to the initial separation condition. Thetially separated reactants, the upper critical dimensiod is
solution is given by =2. This result was confirmed by their cellular-automata

(CA) algorithm for the long-time limit. We note thatrictly
3 D\ one-dimensional cellular automata calculations made by
(2D7)2| B&n)=1=D| & 5| |, Cornell et al. [13] for this A+2B—C reaction gave only

aZE ajel, ,822 Bjel, 8
j=0 j=0

a(é,7)=d

where
1 (= 2
(I)(z)=\/T_Tr _Oce‘u du. (10
The local reaction rate is defined af(x,t)

(9) slight deviations for the mean-field behavior. Our Monte

Carlo simulations (below) are performed on a two-
dimensional square lattice. Therefore, we expect these simu-
lations to give mean-field results, which they do.

Ill. SIMULATIONS

We simulated théA+2B— C reaction-diffusion process,

under the condition of an initial separation of reactants, on
o two-dimensional lattices. In order to check the early-time
R(t)zf R(x,t) dx. (11  behavior, we use the “intermediate” approach whére B
—o —AB first and thenAB+B—C. For our simulation we in-
] ) ] troduce a reaction probability of 0.001 for tWet B—AB
The local reaction rate can be expanded in a series that goggyp. The global reaction rate is defined as the number of
as powers ot. Useful information on the early-time behav- reactions that occurred on the lattice during a given time
ior can be obtained from the lowest order of perturbatlonstep' Figure 1 shows global rate vs time data on a log-log
theory: scale simulated on a square lattice (2D0) under initial
reactant separation, using the Monte Carlo method. Patrticle
densities of 40% foA and 80% forB are placed at opposite
From the lowest term in the expansion we find that sides of the origin at time 0. The diffusion F:oefﬁmeqts are
the same foA andB. WhenA andB meet, anntermediate
Ro(7)~ /7. (13 (AB) may be formed. Then, if the intermediate meets with a
B particle they will react and leave the system. The result is
From this perturbation approach we predict that for theaveraged over 1000 runs. Figure 1 shows a clear crossover of
A+2B—C reaction-diffusion system under initial segrega-the global reaction rate from a positive slope to a negative

=ka(x,t)b?(x,t). We define the global reaction rate as

R(7)=aibZ¥DaDb)Y%[Ry+eR;+-+-]. (12
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slope. We fit the slope before and after the crossover. Beforete exponent should increase at early time¢'&and then
crossover the slope is 0.48, which is close to 0.5, the resultross over to a universal *2 asymptotic behavior. Our
derived from perturbatioimean-field theory. After cross- Monte Carlo simulations show that with a small reaction
over the slope is-0.48, which follows the asymptotic result probability (reaction-limited reaction we indeed observe
obtained from scaling arguments. However, the main task fosuch a crossover of the global reaction rate. The results in-
the simulation was the testing of the early-time regime, aslicate that, for a reaction-limited reaction at early time, the
there is overall agreement in the literat(iie8—14 concern-  kinetics do follow the mean-field perturbation-theory predic-
ing the asymptotic behavior. We note that the simulationtion of a t*2 behavior, which is the classical expectation
would give a much betterasymptotic behavior for a based on the Einstein diffusion equation.

diffusion-limited reaction(reaction probability=1) [6].

IV. SUMMARY ACKNOWLEDGMENT

Our mean-field perturbation theory predicts that for We appreciate support from NSF through Grant No.
+2B—C, under initial separation oA and B, the global DMR-9410709.

[1] H. K. Henisch,Crystals in Gels and Liesegang Rin¢Sam- [9] Y. E. L. Koo and R. Kopelman, J. Stat. Phys, 893(1991).

bridge University Press, Cambridge, England, 1988 [10] A. Yen, Y. E. L. Koo, and R. Kopelman, Phys. Rev.53,
[2] D. Avnir and M. Kagan, NaturéLondon 307, 717 (1984). 2447(1996.
[3] G. T. Dee, Phys. Rev. Leth7, 275(1986. [11] z. Jiang and C. Ebner, Phys. Rev.4R, 7483(1990.
[4] B. Heidel, C. M. Knobler, R. Hilfer, and R. Bruinsma, Phys. [12] H. Taitelbaum, S. Havlin, J. E. Kiefer, B. Trus, and G. Weiss,
Rev. Lett.60, 2492(1988. J. Stat. Phys65, 573(1991).
[5] K. F. Mueller, Science225, 1021(1986. [13] S. Cornell, M. Droz, and B. Chopard, Physica 188 322
[6] A. Yen and R. Kopelman, Phys. Rev.35, 3694(1997). (1992.
[7] L. Galfi and Z. Racz, Phys. Rev. 88, 3151(198§. [14] S. Cornell, M. Droz, and B. Chopard, Phys. Rev44, 4826
[8] Y. E. Koo, L. Li, and R. Kopelman, Mol. Cryst. Lig. Cryst. (1991).

183 187(1990.



